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, July 5th. Homeomorphisms (518) Metric Spaces (520

, 21)

Last Time : Continuous maps. Restriction and correstriction.

Homeomorphism : continuous bijective function with continuous inverse,

Not automatic !

Definition' : Two Top spaces Xandy are homeomorphic

if There is a homeomorphism Fix -1Y ,

Proposition ? : Let f : X -Y be a bijective map.between top Spaces.
-

Then FtY-X is continuous #) F(U) = Y is open for every open USX.

Prof: HW !

Definition 3 : Fix +Y isopen if f(U) &Y is open for every open UeX.

Examples :

1) F : R -R
,
f(x) = axtb with a to is continuous (analysis) and bijective

with inverse &R , R
+ (y) = also continuous.



2) Consider (,1) @R with The induced topology

The man g :
R + I where g(x)=i is continuous (analysis)

, injective and

(1

g(T) = 1-1 , 1) ·

Hence gl + H1) is continuous and bijective.

The inverse map h = ( , 1) +Re given by h(y) =f is also continuous (analysis
HenceM and ( ,1) are homeomorphic.

3) Let f :
-R where f(t) = Koskit) , Sinkit)) ,

continuous by analysis
Note That f(to

, 1)
: [0

.
1) -M is injective with image S =&(,ER/**+y = 14

Hence f gives a bijective continues map g : [0
,
1) +> S

, g(t) = (coskit)
,

sin B it)

However we will see that g is not a homeomorphism ,
because g is not open

In factLet U = to
,) , open in [0

.
1)

-

14-
2

·

q g(u) = ((x ,y)e5)x20 , yzoy is not open

o (to be proved)



Metric Spaces

Crucial for Usid : B(c ,
2) = (x eR)(-al = !

mu

distance from X to a

We have a distance function d(x
,y) = 1x -7)

Definition 4 : Let X be a set .

A metric lor distance) on X is a function

d : xxX ->to
,
n) such that

,
Exy

,
zeX,

1) d(x
,
y) = 0 Ex = y (non degeneracy

2)d(x
, y) = d(y , x) (symmetry)

3) d(x. z) = d(x , y) + d(y,
z) (Triangle inequality)

A Dair (X
, d) where dis a metric on X is called a metric space

If (X .

d) is a metric space, for each aex and eso we denote

Bla . a) = (xeXIdlaxe) ,
The open ball of radius E centered at a

d

Also denote Bla.e) if & is clear .



Examples

1) X = R with d(x,y) = (x - y) .

1/2
2)X = RV with Euclidean metric dx , 4) = ((X - :(2)
More generally ,

for each DEL1 ,
0) we have a metric

dp( ,x) =((x :
- y,4)

"P

The Triangle inequality for dp follows from Minkowski's inequality (analysis)

3) For p=r we have

dy(x ,
y) = max((x - 4, )(azizn]

4) Any fron empty) set can be endowed with the discrete Metric

d(x
,2) =[i



Proposition 5 : Let (X
,
d) be a metric space. Then The collection of open balls

B= ( B(x.) IxeX ,
exo ?

Form a basis for a topology on X.

Definition : The Topology Ta =↑(B) is called The metric Topology on X.

Proof :
We use Proposition 3.

4. The first condition X = U B is Trivial
BETB

because for any xEX we have x = B(x
,
1)

.

To prove The second condition
,

we first prove :

-

Lema : Let B(x ,
2) eB .

Then
, FyeB(xE) ,

Iso such That Bly
,
8) =B(xe)

Prof: Since y EBK,
E)

,

we know that E-divs)0 Y-E-d(
,y)

Take any
S with ofSE-d(x , y).

we Drove Bly
,
S) < BIx 8)

.

Let zeBly ,
6)

.
Then rd(x,z) = d(x ,y) +d(y ,

z) = d(x
,y) + b = d(x

,y) + E - d(xy) =E
- [



Back ToThe proposition ,
let B(x

,
2) and B(x2

.
E2) EB .

Let ye B(XE) nB(Xz ,
El

.
By The lemma above,

= Sio Such That Bly ,
6) [B(x

, 9) and Eberosuan That Bly
,
f) -B(x2

.
Er

Hence
, for S = min (6 ,

Sc)
,

we have

Bly
, f) e Bly

,
d) nBly

,
f) Bel n B(xz

,
e) .

Thus
, by Drop .

3 .
4

, B is a basis for some topology .

It

↓re
. Using The local description of TIB) = Ja , we know that

Ta = [UEX 1FxeU Esco such That B(x) eUY


