
19. Wednesday, July 19
.

Connectedness in R

Theorem 1 : Every open interval (a ,
b) M is connected.

Proof : Assume for a contradiction (a ,
b) = UvV is a separation of (9b) where

U, V = (a
, b) are open .

Since U + & and V
,
There are points neU

,

wer

which are to because UnV = 0. Assume who use.

Consider TheSubset Se (a,b) given by
U V U

S = (se(a , b) /[0 ,
s] = U) Imama mu un)

3

Note : Sto (because res) and Sadmits an upper bound
,
because S = (a

. b) .

Therefore
, S admits a supremum S = SupS.

Claim 1
. Every xeV with1xx is an upper bound for S.

Proof .
Assume for a contradiction This is not the case

.

i
.
e, There is some XeV and

some stS with X = S.

Then x(m
. S) [[v .

S] = U
, so xeUnt

,
contradiction



#him2
: So = SupSea

i b)

Prof : [afso] Since MESo and MeUf(ab)
,

we have at mess
,
hence a so.

[So = b] .

Since NEV and M = N
,

we know that w is an upper bound for S

(by Claim 1)
.

Therefore so = N
. But NEV((9 , b)

,
Lance SoEN-b.

Claim 3-E
: [u

. so) = U.

In fact ,
otherwise

,
There is some XeV with MexSo, Hence

X is an upper bound for S(by Claim 1) ,
butThen x = so = SupS ,

contradiction.

Claim 3 : So U.

Proof: For a contradiction
, if SoeU,

Since U is open ,
we have (so-e

,
sotel U

for some Eco
.

Then
, by claim 3.8

,

we have ~

#
[o

,
So + &] & U

, Therefore SotzeS ,
which M So-E

contradicts that So is an upper boond.

Laim4 : So V.

Prof : If So ev
,

Then Iso-e , sota &V for some go because V is open



Also
,

U = So
,

so Uso-e for some E2. For E= min he
, Ech ,

we

get (so-e
.

So + e) [V and u = So-e.

Hence So-EEV and uSo-E ,
Lance So-E is an uper boundfor S

by claims . This contradicts so is the smallest one.

I

Corollary 2 : This connected,

and So areThe intervals (a
,
b)

.

[a .
b)

,

(a
,
b]

,

(0
,
a)

,

to
, a] (a

, 0)
,
[a

. 3).

Proof: We know that I-3
,

al
,

(a
.
3) and I are all homeomorphic To (a

.
b).

For The others
,

useThat if A is connectedThen any B with A BEA is

also connected.
↳

Intermediate Value Theorem: Let F : X -I be a continuous map with X connected
,

and

let a
,

be X with f(a) < f(b).

Then
,
for every r with flal-r = f(b), There is some ceX with f(c) = r.



Proof : Assume There is no ceX with f(c) = r
,

so ref(x) Then

f(x) = (f(x)e(+
, -)u(f(x)n(n ,

x)
gives a separation of F(X) ,

which contradictsThe factThat X is connected

andI continuous
[

Path-connectedness

Definition : Let X be a top space and let x
,yeX. A path in X from xio

is a continuous map 8 : 10
.
1] + X with f(o) = + g(1) = y.

We sayThat X is path connected if for any x
,yex There is a bath from to >.

Theorem 3 : If a space X is path-connected ,
Then it is connected .

Proof: Assume for a contradiction X is not connected and take a separation X = U-

Fix xeU
, yeV .

Then There is a path 8 : to . 1) --X from < to y.
Then U-ful , J"(V) Separate x :

In fact , these are open in 10 , 1 because o is continuous
,

and



[0 . 1) = 8 "(x) = 8 "(00V) = y
+

() 0 (
+

(v)

U"(v)ny
+ (v) =

y
" (Unv) = j

+ (d) = &

with of
+ (0) and 1-("(V) . This contradicts 10

.
17 connected

[

Example (The converse is not True) A space can be connected but not path-connected.

Let x = <100*sin(t))) of test
A

WithThe induced topology of R2 min
· A is connected

,
because it is the image of The

continuous map F: 10
. 1] - R

+ 1- (t
, sin(E))

· blady is a cluster point of A
, so AXEA - X connected

.

However ,
X is not connected.


