
7. Wednesday
,
July 3rd. Continuous Maps ,

Homeomorphisms (518)

Recall: Cartesian product of sets Xexxax ...n
= 4191 ,

92.
,
and I aiexi fiest

For each jeht-nt have a projection Xexexh BXj where Pja ...,
an) = aj

More general : Product of a family <ti liedy is

Th Xi = <a: X: Kalilex: vie

For each jea have projection Pj:.Thi
+ Xj where pj(a) = alj)

Q : How do we describe a function fix+Eti (X arbitrary set)

Definition 1
: Let f : x+ Xi be a function .

For each jed we define the j-th

coordinate offas the function fj : X ETX: x ie : f Prof.



Recall : Product Topology onthXi has subbasis

= [Pj"(V)) I jea . Up open in Xil

TheProduct Topology Theorem : Assume LK, Tillie is a collection of Top spaces

1) The product Topology isThe coarsess topology on Th Xi such That

all projections P:It + Xj are continuous.

2) Le ( ,T) be a top space. Then a function F : /
, T)-1)

.Th Xi . Tornal
is continuous if and only ifThe coordinate fj : X + X

,
is continuous Ejeh.

Proof : 1) Each Pj : ).Xi , Toa) -> (Xj . Tj) is continuous because FUjEF, we have

Pjlujee Tarod .

Now assome T is a Topology on TX :
suchThat 4j : /Taxi , i) + (tj) is cont.

for all jen.



WTS : Prod &M .
Since Tod is The coarsest Topology containing $ ,

it is

enough to show $2T.

Fix jed and UjeTj .

Since 4j ti , i) + (Xj
.5j) is continuous

,

we have

P (Uj) e T
.
Hence $2T, as desired

2) HW ! Use the cont
. map . Thm .

[

Example : The map f : R -> R*TR where f(t) =
(t

,
t
....

) is continuous with
iEN

The product topology . Enough to show each FjR + is continuous,
but

Fj : Msta-Rod is just fj(t) = t
.
The identity ! which is continuous

.



Homeomorphisms

Definition 2. Let fix -Y be a map between topological spaces. We say that is a

homeomorphism if f is continuous
, bijective ,

andThe inverse map I" : -X is continuous

Note : in linear algebra if a linear map is bijectiveThenThe inverse is automatically linear

no longer The case here.

Example : For any set
,

The identity map Idx : (X
. Tdisa) + (X

. Tiriv) is continuous. However,

The inverse Edx : (X
, Triv) -> (X

, disal is not continuous if X has more than one element

In fact , ifXn , XzeX with Xat
,

Then 4xYe Polis but id 4)= 2 Tri = 30
, xY

Induced Topology

Definition3 : Let (X
,
Tx) be a Top Space. The induced topology on a set AEX is

Ta = [U = A/EVETX with U =AnVY
In This case We say That A is a subspace of X.



Example : LeT X =Msid .

LeT A = [0
,
d) and U = 10,) with the induced Topology .

So USAEX

NoteThat U is open in A
,
because 10

.
1) = [0

,
x)n (1

, 1) with (
,

1) open in M.

However U is not open in
R

.
Since it is not a neighborhood of otU.

Definition : Let AX be a subset
.

The inclusion map 1: A -> X is defined by 1(a) = a FatA.

Proposition 4 : Assume X is a topological space and AX is a subset.
-

ThenThe induced topology on A isThe coarsest topology such that

The inclusion 1 : A-X is continuous

-

Definition : Let f : X -> Y be a function, Let AEX and B&Y

1) The restriction To A is The function

Fla : A X -Y :
.
e : Ply(d = for (a) = flat FacA.

2) If f(x). E B
,

The correstriction to B is

f . X -B . fIP(x) = PeB ExeX
.



Proposition 5 : Let f : X->Y be a continuous map

1) If AEX is a subspace
.

Then Fla : A-> Y is continuous.

2) If BEY is a subspace and f(x) <B
.
Then flB : X-1B is continuous.

Proof : HW !


