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Recall : Two Topological spaces & andy are honeomorphic

if There is a homeomorphism X-> Y .

We denote X = Y

Exercise: This defines an equivalence relation !

---

Recall also productTopology on Xxy has basis.

B
Prod

= Box = (UxVXXY / U open in X
, Vopen in "

Exercise : Let p : X -X' and
g. y Y" continuous maps

Then the product map h : XxY -> Xxyl is continuous.

(x
, 3) 1 (f(x)

,g(y)
- -
-

Recall also that we know how to get maps X Ey using maps

f
X -Y .

Can even decide when isf injective , surjective , continuous
, open.



Example 1 : (Lecture (2) Let X = [0 . 1)· Define an equivalence relation by

* my #) x = y or X
,4640 .

1 ! The classes for This relation are

[0
.
1]/

=

= ((xy(x + (0
, 1) 0410 ,%

Also denoted To,r] /n = To
.2/o

· x1
We showed: The map f : 10

.1] - S
, flu) = /COSRITT) SinRiti X

induces a continuous bijection m) ①

F : to ../- >S
⑧

Fat Fis open ,
so it is a honeomorphism !

We could proveThis with some work
,
but instead we will

prove This with litire effort when we study compact spaces.

Recall also (from Lecture 8) That The same rule

g: [0 ,
1) -> S

, g(t) = (Coskit)
,
sinBit)

gives a bijective continues map



Fact : There is no homeomorphism [0
,
1) ->9

(we sketched an argument forg
and will give a rigurous map using compact spaces

In other words
, [an]/ is Gopologically) different from 10.

1)

So quotient spaces do not delete points. They really identify points.

Example 2
: The real line with two origins.

LeT X = Rx2-1 , 1] with The induced Topology from (T2 Tsial

Define an equiv . relation on X by (x
,
-1) v(x

,1) for all X to

· (( ⑧

> ()

a
·

1

The line withTwo origins" is Y = X /n ,
whereThe "Two origins

are the classes[10 . -1)] and [10
,1]·



Claim 1 : Y is first countable
.

Use iT: x - Y

Hint : Show That(a ,
b) x (i) < Y is open for any interval (a ,b)

· If offab) ,
Then

i
+ (π((a , b) = (y) = (a

,
b) = ( - 1

, 1)

·On The other hand
,
if of (a,b)

.

Then

i
" (i((a , b) + (c))) = (a

, b) xy) v(a , b) - Goy + 2 -1

Claim 2. Y is not Hausdorff.

We prove that a sequence converges to Two points

Since ↑
n

= (1 , 1) - (01) in X and it is continuous
,

we know

That iT (n) -> oil in Y
.

Similarly
, yn = (fic) -> 10,1) in X

,
so it (in) + T 10

,1) in Y
However

,
In Nyn Yn

, so iT (Xn) = (Yn) An
,

so This sequence converges to two different
poinis



Example 3 : The Toros S'xS

Let X = [0 . 1] [0 . 1] <R with
-

The standard topology .

Define an equivalence relation on X by

( , y) - (x)
, y') iff (x = x' and (y , yiz 40

,1)) or (y = y' and (xxx = (a))

Alternatively ,
(x .
0) ~(x

,
2) Excit and (0

,y)v( , 3) Fye[D

Here is where pictures become veeery useful

·

1

X =Mum
31



Claim : X/e is homeomorphic to S'xS

Recall from Example 1 we have

· Aquotient map 9 : 50 ,17 -> [0
. 17/10

.1)

↑
· A homeomorphism [0

.
1] /Can LS'

WeTake two copies of 9 and get a map

h : 10
. 1] x [0 , 1] c [0 ./

an

< [0 .1]/
Sar!

(x ,y)
u

c (g() , q(y))

Which is continuous because it isThe product of Two continuous maps !

Further
,
h descendsToThe quotient [0 .

1] xto
, 17 /n

In fact
, since glo) = gll ,

we have

h(x
,
0) = h(r) and h(0, y) = h(

,y)
-



Thus we get a continuous map

5 : To
.xtoi/n · [01]/x[on]/n

·I is injective ,
because h(x

,y) = h(x, y')> (x
,7) ~ (y)

· I is surjective ,
because so is h.

Again , using compact spaces.

This will implyThat

h is a homeomorphism

So TacIcToR]/n = [0 . 17/han + Tai/ou Srxsi


