
6. Monday
, July 1ST. Continuous maps. (518)

Last Time : F : x + Y is continuous if "(U) EX is open for all VEY open.

Recall from analysis : A function F : R->R is continuous at a Et if

FEzo Esto such that if Ix-al=8 Then If(x)-flash

In other words Fe
, If such that F(B(as)) & B(fcal ,

a)
L -

F neighborhood of fla)
Eubh of a

The Continuous Map Theorem: Let f : X + Y be a map between topological spaces .

The following are equivalent:

1) f is continuous

2) Vaet
,
for every neighborhood U of flaly there exists a neighborhood V of aX

suchThat f(V) = U.
f
-

D ⑮
7 V



Proof : 1) = (2) Assume is continues .

Let a eX and Let USY neighborhood of fla

Then There is some open UCY with fla) e UEU
.

We claim that FU) =X is a

neighborhood of a . In fact, fi(U) is open in X because fis continuous) and

at Fr = f
+

(U)
,

as desired
-

because flat eu

-becauseU'EU

2) = () Let UzY open .

For each a f" (U) , Take some open Va orX with a eVaef(r)
We claimThat F(u) =

U V The inclusion(2) follows because Vaf" (U) a
.a

aef"(u)

The inclusion (E] follows because
, for each a tf"(U) we have at Va

.
so also at U Va.

bef(u)
I

Definition 2
: We say f is continuous at ceX if iT satisfies Condition (2) above.

The continuous mad Thm continued : The following are also equivalent :

(3) Faex
,

F neighborhood U of FlaEY
S
f(U) is a neighborhood of a in X

(4) For every closed C = Y , f"(C) is closed in X.



(5) For every subset AX
,

we have f(A) a FTA).

Some of These equivalences will be part of HW3.

Examples/Facts : Let X and Y Topological spaces.

1) Any constant map fix -1Y is continuous .
Indeed

, if f(x) = b #xeX and

Way is open ,
then F(U) = > 0 If ber hence fo(u) is open.

X if bu

2) If X is discrete
.

Then any may fix + Y is continuous .

In fact fill)eX is open

for any U. Y.

3) If Y hasThe Trivial Topology ,

Then any map fix -> Y is continuous.

In fact opens in y are either $ o Y ,
and f"(d) =- is open , f (Y) =X is open.

4) A map & : Misa-Rstd is continuous in our new sense iff it is continuous inThe clasical sense

5) If fix ->Y and giy->z are continuous Then gif : X - Z is continuous

En fact , if UEZ is open
Then (gof)" (U) =F



This Together with thepact that ide :X-X is continuous say that the collection

ofTopological spaces and continuous maps form a Category.

The continuous mad Thm continued : The following are also equivalent :

(6) If B is a basis for Y ,
Then F"(B) EX is open V BeB.

(7) If$ is a subbasis fory
,

Then f(5)EX is open ↓SeS

Back to Cartesian products :

#pl : Take A = N as index set. For each it N ,
let Xi =

R with The standard top.

we denote R
*

=Xi =
IT Asid. We denote elements a c R

*

by toples a =19
, 92, ..... )

it N

Consider the map f :-> & *
where f(t) = (t

,
t

. . . . .
) Freth.

Oni
*

we have the box top. Toox and Theproduct topology Torod.

Note That U=- · f) @R
M

is open in The box topology (actually,
basid



However f (v) = (teR(fueu= [teRI + e (f) VieNif) = 20%

So Ue Tbox but f(U) = Lot is not open in R.

Hence F : (R , Tstal -+ (R* Toox) is not continuous

On The other hand f : /M
, Tsa) -- (M

, Frod) is continuous

Exercise : Show That ft(S) R is open F S in The subbasis That we used to define Turod


