
10. Sequences and convergence (SA)

Definition1
: Let X be a topological space and let a ex

.

Let BaU(x) be a collection

of neighborhoods of a .
We
say that Ba is a neighborhood basis of a if for

every neighborhood(of a There exists BeBa suchThat BEV.

Examples : 1) If X is discrete and aX
,
Then Ba = &Gary is a neighborhood

basis of a

2) If X is equipped withThe Trivial Topology ,
Then Ba = <XY is a nond basic

of any a X.

3) If (X ,
d) is a metric space and a ex

.

Then Ba = <Bla ,
El lEzob is

a ubhd basis of 9 . (for The metric Topology Tal .

4) If (X
,
T) is a top space with a basis B

,
then for each aX

.
The collection

Ba = (BeB) aeB) is a nbhd basis of a
. Prof : Exercise!



Notation : A sequence in a set X is a map N-X denoted by notX

We also use (Xn)
new

to denote a sequence.

Definin 2 : Let (XuIne be a sequence in a Top. space X .

Let xeX
.

We say that (x) converges to x if F open UofX with xeU
,
There exists NeN

such that if n2N , Then XnEU.

InThis case we denote In x and sayThat x is a limit of (u)

Lemma 3 : Let (n) be a sequence on aTop space X .

Let xeX
.

TFAE

1) (n) converges To x

2AssumeBy is a nbhd basis of X. Then V BeB ENEN such That XeB FuzN.

3) Assume S is a subbasis for X .
Then for every Se S with xeS

,

INEN St XneStnLN.

&roof : (1) => (2) Let BeBy
.

Since Bis a nbnd of X
,
EU open with xeUEB

.

For This

U
, I N such thaT XneUF nI N

.
Since UCB

,
we have XueB En ? N

.



(2) => h) Let UEX open with xeU .
Since Bxis nbld basis of X

.
E BeBx with xeB U

For This BeBBx
.

I NeN such That Xn@B FnIN
.

Since BeU
,

we also have

↑ U whenever n>, N.

4)El (3) HW !
El

Example 1 : Let (X , d) metric space
,
(xu) sea .

in X and xeX
.

Since Bx = (B(x ,
e) leso] is a bud basisopx

,
byThe Lemma above we know that

↑ + x E) FEco ENEN such That XneB(x ,

2) Anz N
.

# FETo E NEW such Thai d(x
,xnIe Fn ? N

.

Definition 4 : A sequence (xn) in a set X is constant if ExeX such That xn = X FneN.

A sequence is stationary if EXeX suchThat xn = X F n> N .

#re : If X is atopological space and (n) <X is stationary
.
Then it converges .



Example 2 : Let X be a discrete space.
We claim That The only convergent sequences

are the stationary ones. In fact , assume (Xn) converges to some xeX
.

Since hey is open

and contains +
,

we know I NEW such That XneExY EnI N .

Hence x = x Enz N.

Example3 : Endow a set X withThe cocountable Topology

Tc = (UEX 1 X-U is countable or U =Y

Again ,
The only convergent sequences are the stationary ones. In fact if (xu) converges to x

Then U = (X-(xIneNuhxy is open (the complement is EhXzIneNYv(xY) and contains

Hence IN such That XneU En EN . Therefore xn = X Any N.

Example 4 : Let X with The Trivial Topology ·

Then every sequence converges to every point.

In fact
, if (n) is a sequence and xeX

.
The only open containing + is X ,

which contains In En.



Definition 5 : A topological space X is Haussdorf if for every xFY EX .
There are disjoint open sets

U
,VEX with xeU and yet

Proposition 6
: Assume (k) is a sequence in a Haussdorf space

.

If In x and Xn +> ,
Then x =>

Pop : Assume for a contradiction that xEY
.

Let UV disjoint open sets with xel

and ye V . Since Xn-3x ,
E N such That xneU EnzN

Since Xn-+ Y ,
I N2 such that KeV FnYNe

Let N = max(MNe! Then XeUnV ,
contradicts UnU= I

Examples : 1) Any discrete space is Haussdorf.

2) Any metric space is Haussdorf.

3) If X has more than one element, The Trivial Topology is not Haussdorf

*Te : Drop 6 says "If X is Haussdorf .

Then limits are unique"

Q:
What about reciprocal ?


