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Bases and subbases (S13)

Let's finish from last Time

Proposition3. 4 : Let X be a set and let <P(X).

Then TIB) is a topology on X if and only if :

1)X = U B and
BEB /

2) f Bi ,Bz EB and AxeBinBe
,
E BEB wiTh xeBzeBinBz

Prof : EX] Last time

E] Assume (1) and (2)
.

WTS FIB) is a topology. We verify axioms ()
,

(2) and (3).

By convention , be TIB) and by (1) above X- MIL .
Also

, byThe first

description of MIB) in Lemman
,

TIMB) is automatically closed under

arbitrary unions. Finally ,
To prove TI) closed under finite intersections,



Li U
.

V eTIB)
, say

V
=

B ; and V = UjejAj for some Bi
, Aj e B

WTS UnV E TIB)
.
Now UnV = UBinAj

.

We use The second description of TB).
i
, j

Given xEUnt , we have x BinAe for some hil . By (2) above
,
Bell
3

with xeBE Bin An EUBinAj = UnV . Hence UnVETLB) by Lemma?
ij

I

Definition 1 : If B <P(X) Satisfies 1) and 2)
,
we say that B is a basis for a Topology

By proposition3.

4 it is a basis for The Topology NI).

Note: If DcP(X)' Satisfies The condition

(2) FB
,Bz B, either BinBzEB or BinBa = d

Then it satisfies condition (2) in Prop 3. 4 (for each xfBnB2
,

Take By =BinBcEB)
-

Example : InR we have :

1)Bsid = ((a ,b) I a by basis for standard.

2)Be = ([a,b) 1 a < by Satisfies (1) and (2)
,

hence it is a basis for some

Topology , called The lower limit Topology.



subbases

Definition2 : Let (x
,5) be a Topological space . LeT $ D(X)

.

We say that $ is a subbasis for ↑ if T = TIBs) Where

= UeX/U = Unkn for some V ... in e$)
i.e:Open sets are arbitrary unions of finite intersections of sets in $

Note : A basis for T is also a subbasis for
T.

Q :
Given a setX and SEP(X) , When is $ a subbasis for some topology?

Proposition 3 : Let X be a set and let $P(X).

Then TIBs) is a topology if and only if X=S
Proof : Exercise , use Proposition 3:4 I



Definition 4 : Lo X be a set and let $P(X).

We sayThatI is a subbasis for a Topology if X=S

Example : In R
,
The collection = (19 , 3) /acMY0((-0 , b) /beRY is a

subbasis forTheStandard Topology.

The product andThe box Topologies (S15
, 19)

Recall The Cartesian product of finitely many sets : Given Sets X
, .

. . ., Xn,

we define Xxxx .. - xXn = Glas , 92 , ...,
and I ai exi Ficht-ny)

Here elements are toples a = 191 --- ,
and

,
and at is justThe

value of a at the i-th entry

So we can think of a as a function a : 41
..., ny UXi such that a liseti.

Definition 5: Let (X : /ien be a collection of sets. We defineTheir Cartesian product as

Xi = a: : all exi fi



Note that when A = 41....,nt , we recover Xi = xx-xXn

Definition 6 : LeT [Ki , Ti) lienY be a collection of Topological spaces.

The box basis is The collection

= L Vi Ti veti Fiel

Lemma/Definition7: B' is a basis for a topology on.In Xi , called
the box Topology

Proof : We will use Proposition 3 .

4. For Condition 4) we needTo Show That The entire space

# Xi is a union of sets in D. But since XieTi Vie 1 , we actually have t BiEn

For Condition (2)
,
Note That given U e and V e

,
wehave

The set equality (vi) nVi)= inv . Since U ,
VieTi and Ti is a Topology ,

we

have VinVie Ti. Hence (TUi)n(TVi) - . By Prop .
3 . 4
,
it followsThat I'

is a basis for a topology on.I I


