
3. Monday , June 24 .

Bases and subbases ($15)

Last Time : A Topology on X is TEP(X) St : 10
,
X eT

-

2) Arbitrary (
3) Finite 1

initionLet and be TopologiesonaSeThat
Tz is finer Theto

We say M , and is are comparable if either In =Tz or Tz = T.

Example : On a set X
, Triv is coarser Than any other topology and

This is finerThan any other

Exercise : Are Asid and Rcf comparable?
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.

.,
any -



Bases and subbases

It can be hard to specify all elements in a Topology and verify They satisfy the axioms .

Want an easier way to describe and build Topologies.

Both can be achieved using bases (Replace B(x ,
E's in Rsid

Lemma ? Let X be a set and let BE P(X)
.

Then we have an equality

\UX/U=Bi for some(UX) keu Best xBu]
"Unions of sets in B

I 1

We denoteThis common set by TB)

Proof : [C] Assume U = U Bi whereBie Fiel
. LaxeU.

in

Since U= Bi , we have xeBi for some itn .

Hence XeBiEU

[] Let U in RHS of equality. For each xeU , fir some BeB with xeBEU

We claimThat U
=UBx · For []

, given ye we
have yaB UY

For [] , just note That By &U ExeU
,
so also Bx = U

.
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Definition3: Let (X
,

4) be a Topological space and let BEP(X).

We sayThat B is a basis for T if TIB) = T.

i.e : open sets are unions of elements in B.

We also say That Bgenerates
T
.

Example : Discrete Topology on a set X ,
has basis = 14x1xex !

Example : Trivial topology on a set X has basis # = (XY

Example :1 with standard Topology Ysid.
A basis for This Topology is B = (B(x ,

a) I XeR
,
Ecol

This is by definition :

-Lemma
2

.

Tsid = (UERI Keu Zero St Be euY =T

Notice alsoThat any open interval (a ,b) is ofThe form B(x ,
2) = (x-E

,
X + 2) for

Some Xe and some 210
, just Take x = at and E = ba.

so B = ((a ,
b) lasby is a basis for Asid.



So far ,
used bases to describe topologies. How do we define topologies?

: Let X be a set and BeP(X) .
When is MLB) a Topology on X?

Proposition 4 : Let X be a set and let <P(X).

Then TIB) is a topology on X if and only if :

1)X = U andBeBB /

2) f Bi ,Bz EB and ExeBinBe
,
E Bel wiTh xeBeBunBz

Prof : [E] Assume TIB) is a topology. Then , by axiom1 ,
XCNCBI

,
so

↑ is the union of some elements in B
,

hence also The union of all of them

To prove (2), Let B.,BzeBand xe BnBz . Since BinBz is open , we have

Bor B2 E TIB)
.

Hence
, by The second description of TLB) (from Lemma 2)

,
we

Now E B B such That XeB = B
, nBz , as desired . TBC .


