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Compacteness

Proposition 20. 4 If X is Hausdorff and YEX is a compac subspace,

Then Y is closed in X

Perf : Let us show That X1Y is open , i
.
e
,
XY is a neighborhood of

each of its points.

Fix XoeX1Y .

WTS : E Vopen with XoEVEX1.

Now
,
since X is Hausdorff , for each yeY we have sty , ThereforeThere exist

open sets Vy . Uy withroevy
, yely and VynUy = 0.

Note ThaT Y c U by . Since Y is compact, This cover admits a finite subcover

yeY

Thus There are
..., yn-Y such that = Uy

,

... 0 Vyn

Now weTake V = V
, n--nVy .

We verify it satisfies The required properties :



1) V is open , because it is the intersection of finitely many open sets in X.

2) V contains to
,
because eachVy does for any yey.

3) Vny = %. , This V & XY

In fact , if zey
,

Since Y. Vy, U Ya ,
we have ze Uy

,
for some j

Therefore z & Vy because VyjuVy; = % .
Hence zV

This proofs that Xy is a bud of every to XY.

Therefore Xy is open.

Sketch ofThe proof G



Corollary ! Let f : X -Y be a bijective continuous mape

If X is compact and Y is Haussdorf
,
Then is a homeomorphism.

Proof: Only need to proveThatIf is open ,
which is equivalent to f being closed

Take C = X closed
. Since X is compact , by prop 20

. 3
,

C is compact.

Hence
, by Prop 20 .

2
, f(C) &Y is compact. By prop 20. 4

,
Since Y is Hausdorff,

Cis closed in 4 .

[

Examples . Let exp : tai-S"
,
exp(t) = (cost, Sin(T)

1) We proved exp : 10
.
1) -15 is continuous bijection but not open .

Here S' is Hausdorff,

however [0 , 1) is not compact.

2) We proved et : tab/01 ?
-S' is a continuous bijection and claimed that

hence it is a homeomorphism. Now we knowThat's true
,
because to

, i/h0
, 17

is compact and SI is Hausdorff.

3) Same argument applies e .g To
HW 5 . 5. Your maps are honeomorphism



So for example SVIRP1 and UPDPxr-x forces')
Theorem 2 : A product XXY is compact if and only if X andy are compact

To prove it ,

we will need The following :

The Tube Lemma : Consider Xx) where Y is compact. Fix xoex

If NXXY is an open set containing (xoY XY , Then There exists

al open set U of X containing to suchThat UxYN

Prof: Since NeXXY is open and contains (xoxy , for each

yeY There exist open sets UpEX and KEY with (x0
.4) U
,
xVEN.

Since Y = U Vy and Y is compact ,
we have Y = Vyv ... Vy for some Yes.

YeY

Consider U = Wyn ... n Wyn .

We prove it satisfies The desired properties

1) US X is open ,
because intersection of finitely many open sets in

X
.



2) U contains to because each by does
.

3) UxY = N

Given (0, 4) EUXY
,

we have yey = v .... Vin , so ye by for some;
Also
,

Since veU , we have we by .

Hence (ay) -UyVy; N

Hence U satisfies The desired properties

Sketch :
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