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Theorem 1 : Let X andI be top spaces.

1) If AEX is closed
,
then it is sequentially closed.

2) If fix - Y is continuous at xeX .
Then it is sequentially continuous at X.

Proof : HW !

Theorem2 : If X is first countable
,

The converses of 11) and (2) hold.

Prof : (1) Assume A is sequentially closed
.

WTS A is closed
,
or equivalently X-A is open

LeT xeXA . Take a nbhd basis Bx = (BnIneNY as in Lemma3.

Claim : IneN such that Bn = X-A.

Otherwise
,

AneN we have BrnA +O .

Take XneBr nA ,
and consider The

Sequence (Xn)neN
Since XneBufu , By lemma 3(2) ,

we know Xn + x

Since XA En and A is seg closed we have xeA
,
contradicts xX-A.

Hence X-A is a neighorhood of each of its points, hence it is open.



2) Assumef seg. continuous at X
.

Let Vnbhd of f(x) . Wis EnbLd U of X such That UEf"(V)
Let Bx = (BulneNY as in lemma] .

Laim : E neN suchThat Bn =f" (V)
.

Assume for a contradiction That's not the case. Then for each new There is some

ZueBn-f"(V) . Consider The Sequence (Inline
Since zn eBn An , we

know that En-X by Lemma 11.
3.

Since f is sea ,
continuous at +, we deduce That flzn) + f(x) in Y.

But
,
since V is a nbhd of f(x) .

There must be some Ne suchThat flatleV

This contradicts En F"(V) Unex .

So The claim most be true and it follows That f is continuous at
1



Quotient spaces . (S22)
Recall : A relation on a set X is a subset REXXX. We denote xry instead of (x ,>)ER.

We say R is an eg relation if it is

· Reflexive : xex x

· Symmetric xay => Yex

· Transitive xey and yez => Xez -

Construction : Assume ~ is an eg. relation on X.

1) For each xeX
,
The equivalence class of < is [x] = dyeX Iery"

2) The quotient set of X is X/m = ([x]/xeXY
3) The quotient mad is The function

X X/m where (x) = [x] FxxX
.

Which is surjective by definition of X/n
In practice : We use the quotient set to identify certain points in X.



Example : Let X = [0 . 1) ·

Define an equivalence relation by

X -y E)x = y or x
, y + 40 , 2)

In other words
,
internal points are only related to themselves

, andThe Two exirence

points are related. The classes for This relation are ·

[0
.
1]/
=

= ((xy(x + (0 , 1) 0410 ,%
-

So we "pasie" with 1 and leave all other points intact
⑧

seems like [0 . 1]/n = S
,

but They are not the same set.

Theorem (functions out of quotients)
Let~ eg relation on X

.
Let f : x <Y be a function.

1) Assume That , for all x , yeX , if xny Then f(x)=F(y) . ThenThere exists a unique

function F : /n <Y such That E([x]) = f) ExeX.

In other words
,
Fort = f



2) InThis case (4/m) = f(x) .

3) Assume That , for all yet, we have xry E f(x) = f(y) .

then E is injective.

Definition : If f :X->Y is such that xry => f(x) = fly) , we say That f descends

ToThe quotient (or also Thatf factors Through The quotient

Example : In The example [0
.
1) / from before

,
to define a function [02/n+ S

just need to define a function f : 10 ,
1) iS such That flo) = fl

For example f(t) = (Cost) , Sin litt) Satisfies flo) =&H) and hence induces

F : 10
.1)/n -S where Flit)) = f(t) = KOs(t) , sindent).

Furthermore, I is surjective because so is if

And for x
,yeto . 1)

,

we know that f(x) = fly) El x=y
,
so E is injective.

In other words
, E : [0 ,]/n IS is bijective

*Time : If X is a Topological space, induce Topology on X/n


