Math 300
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Spring 2024

Name:
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Instructions

e Turn off all the electronic devices.

e This is a closed book exam.

e You are allowed a notesheet. You can use any fact in the notesheet, but you must reference which

fact you are using.

e Unless otherwise stated, you must justify your answers.

e If you have a question, raise your hand and I will come to you.

¢ You have 50 minutes to complete the exam.

e Good luck!
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1. (10 points) Let X be a topological space and A, B subsets of X. Determine which statements below
are true, and which are false. (If your answer is True, you must prove it; if your answer is False,
you must provide a counter example.)

(@ (AuB)°=A°UB®

Talse . L X=R wih sTonderd Topoky,
Ler A= (o1] ad B= (12)
Then A" = (o), R°=(2D, So A uR = (04) v (12)

OrTle oTlec bent, ALR = (02), so
(Au})mr (02)
Thws AR + AoB)

2

(b) AnB=AnB.

Folse Lef X | A ovd B os Letore

Thon A=[o1] avd @= [12]

Hevce %nga Iy

On Tle oTler homol AnE:;ﬁ <o

A = &
Tl/l/\)ﬁ AﬂE 4: Am@
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2. (10 points) Let (X,dx) and (Y, dy) be metric spaces. And consider the set Z = X x Y. Define a
function dz: Z x Z — R by

dZ((X/y)/ (X//U/)) = dx(X,X,) + dY(y/U/)'
(a) Prove that dz is a metric on Z.

4> SYW\MTWC/:

0( ((x\g_,) . b‘\\\f\3) > OQ)( (X\x\> '\_ OQ7 (\/,‘7\) - AX (Y‘,k) ’)\dy (7"\[) :O{Z((%\Y’), (X\k,))

2) Now —o&eseme,raq/.,

AZ.((K\V)\ (X\l‘{\) = O(X (X\X\> +d7 ( y/'7‘) ? S

T o\,((x\x‘) =)

avd dy(y, o) 20, whicth hePPeas itamd el if
Y= X\ aV\d b{ :7’/ oc N QT\,ef (4)04'0'»3

O‘ﬁ) = (*‘.7‘)-
3) - lvvz,ﬁl)a\\Tyz

A Jegy, () = e (xd) 4 d (o)

e o) sk Do) ey L) d by
Az,t(x\7), (*\|\]l)) — O(ECL)‘\'V\) ) ()4“\7")>
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(b) Let T be the topology on Z induced by the metric dz, and 7’ be the product topology on
Z =X x Y. Show that T = 7.

Pecal: T lhas basis BO\: Z\E((m),r) } (vy) € Z, rm%
\
T hee bLasis %'Pc‘oo‘:4 Uy\\/§><>47 I U omen i X, V osen Y

S | \
)_CT < VTJ ITs evxouﬁl—\ Tv Shor Tl The basis By for T

Setisies B?(od < T Tox Ux\/ ¢ B?wo( - LeX (X'xj)ék)XV

b €90 mon That B0 ap Blel eV, Thos B ke (oclky
Clainm. Bz (xy) €) € Bx(xs) x By (q, &)

Tndeed, ¢ ALk k) < € Flag AL s d (k) < €

and dlss dl, lay) < A, (9, () < €

Tws (X)) e B, (xe) x Ble) Tius Poves Tlo clom.

M,Qareool'\ (x9) € DXV Tlheie custs ]}E(&\y)\r)el A WTh
(e Bylone) < LV F%L/ Tle bocal olesciymom
o0 M= TR we bw LXKV T

C_“ﬂ et W e and Gy)eW Tien T €3 Soch Tudl
B (L), &) e W,
Clam: B, ( &) x B, (¢ ¢ B lbw e <l
Tndeed, i} d(xxD< & ond dy(v.v‘“%, Tlon

((K\&.’\ Ky') = g Kx) 0(7(\/,\,')<§7/*82: €
S0 (K e B, ((m) £)  wwich Drows TLe cdawm.
As begsce, usw\j T\e local descripTion of T (T('BP‘ > Th3 SSys
—\/\m\ \{\J e W S olQ,S feo( Page 4
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3. (10 points) Let X be a topological space. Let x € X and let A be a subset of X.

(a) Prove that x € A if and only if every open set U containing x intersects A

Pecoll A:ﬂ <.

=\ A ssone s(@ﬁ,. LeT U open cOv»To.;\A'\vxj X, opd OSSun~e fof @ COWR oAb XN
Un A :gﬁ‘ Tlhen C= X U is clogd and coiloins N (%Use AnL=¢)
Coseg 1wl have in racticulr e &= XA e ol
ConTeadiCTs  xe ). Tlewetore Uai #/5
[<=3 Assume xe X 15 suoh Tlel aary open O cadiomingx 203Le> Onh $52

Ler C closed w AcC . TlLon U= X5C s open  and Since Acl . ce

I ave \)nA :¢_ Tletegoce ) Connet coviom X,  Lowiclh vwveen S we (.
Howee * € A

(b) We say x is a cluster point of A if, for every open set U containing x, we have A n (U\{x}) # &.
The set of all cluster points of A is denoted by A’.

Prove that A = A U A’.

[c_] la xeh WD eThe xeh oc wel TC xehA we ere dovie, so

asSome x¢A andl 'S Proe xeAl g ) gen coiamving X.

By pocT (@, swnee veh (o hae
wokes (U~ )n A 49

{2\3 Need To Show A c A ond A<cA We hoe A cCA by,
JetiwiTion of K: N . So ., kT's  show A\QE

C closa!
AcC

U/}ﬂ\ %z, Lol S s{;éA, Ty

Tt e v Ois Pen  WiTh x|  ue laye (U\4¥¥>AA gﬁ,

Hz\/\ce a'So Un A Jr‘ﬁ %7 ”?Q('T (Q) - l/\o\/Q XQZ-
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4. (10 points) Let w ¢ R and define X = R u {w}. For each x € X and r > 0, define

A(x, 1) = fyeR||ly—x| <7}, ifxeR
" yeR|yl >t ufw), ifx=w.

(a) Show that A = {A(x,1) | x € X, T > 0} is a basis for a topology on X.
\\)e vweed Te VeI Cy:
Ay X = Agwt A
2) Gian A, A, <€ A and xe A OAZ) Tlere exisTs A, e
WiTh % e Ax e An A=
/15 s cdear, Lecavse (or any xeX el e Alaa)

2> Le,T A(K\() and A(X‘,(\) i M\ L@T v € A(X\(‘BHALX'\(\B,

')IV‘ Case 7:w1 Sin ce VJQAU\(3 we Lae x-w. S(V"\\'\o(clb/ X =W

T\/\\)S\ QQ, e leT (\\\ = wax A{\{‘\yl Thew W ¢ A(w.f“> c ’A(w.f)\/) A(W\(‘)
9 Tw T oTler Cose, wr hove v eR . Swe A VIwY and AGL)0b
ole open saTs 1~ RTy) also is Their TSecton, wWwich  conwTeins .

H’ZV\CQ’ ).)\7 O\QQL’V\\T{O/\ OQ /'\S’\‘o‘( T\/e,Ce s Some ‘(\\70 Sbol’\ TL\Q]—_
(\/'(\\, v Fh) € (A[X\f)\<w\ > N (A(y:c‘3\%w§)

W A(b{‘(\ = (7_(‘\“\7 1‘(“) < A(X\r> M A(X\,(\)/ oS O\ZSiCeA.

/\\/\ﬁe@b(‘z IA olQQ\vsz s Legs (oc a’l‘o?olﬁy 9N X
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(b) Provide X with the topology generated by A and let f: R — R be a continuous function. Prove
that f extends to a continuous function g: X — R if and only if limy_,, f(x) and limy_, 4 f(x)
both exist in R and are equal.

%CD\“' OOC O Q»\N\Cf\\»‘o\n QW —\T\Z/ -3 o(e_f(\\/e,
/l> liva Qf(x\ :Q4€l \5 VE)O 3 —270 Sueh TheT ¢ x >R  Tlen JQM ﬂl<€.

WD 4o

) | L 0, e R =S ¥eso { B>o Sech Thal it X <-R  Tlen |00y -R, <€
2) kwm W= 2

K> -2

L"B) ﬁ‘ssum g]\l SR > 6 comdvwous  fonclion Thel Can Lo eyTedd
CoﬂT\MOUS\V X \pr Tw oTler ucds 7 j >< 37 O W\ WOOS
Soc\ Then 3) :Q, LQ/T RIS(VJ) e_\l. WQ PCowe T\’\O\T

)

m L@ and i 5STh @xsST end ae egusl To Q.
S dad X7

LE‘/T €50 Smce (Q,&Q@,\ <R s open  awnd SX —5TR s conliwuous
with qlw) = R/ Thete exisTs a miakgmckomd Aw B) =f win X seel Thor
3@&(%?3) < (g-g R+e)

Lev x € wTh x>2 Tlan x¢ Alw®R) , so feo :jm ej(%\h».?\) c (R-& fe)

T OTWel words 1E x> Tlen ‘Q,(x)’Q,\)<€'

This works 7@ S5 Iinmy D) =€

xS A
Siwa \%u] \ ﬁ{vew X €M wiTh x <-B, 2 have xe Alw?®), se Cﬁq{w
Q/bd e ((Q~s | Q%Q/) as Lbelosfe T oTler wordsS X <-B = lQLK\/Ql <&

This wotks F&, so hw k= e

X ==
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(b) Provide X with the topology generated by A and let f: R — R be a continuous function. Prove
that f extends to a continuous function g: X — R if and only if limy_,, f(x) and limy_, 4 f(x)

both exist in R and are equal.

<:_3 ASSU\/\/\& Q:\?—N\ 'S cottinuaes and iy Lo = ki ,OQM - P eR

xXSeo K=~

Thos ¥£>o 3 Pro  sSoch Thot f [x\>R Tlen ‘Q(%3'Q‘<5-
X A we IR
)QQ'\M 8‘- >< . ’IP\ 57 3(){) _ )\ Q/;5 \i I we_ Pow j ConTvous

L@T UQ ROVen.v\)TS 3“‘“)) oFen i >< \\}Q cams et Two Cases

Case 1 . Q% O. Tlen 3“ (U) _ Q”((\)) Since Q > condi IWOOLS | Q—‘(U) S S
Bg Tws jesr

Open  Hene ¥ xc0'(V) |3 ros soch Thal Blxe) € M)
Soys Thod ¥ x e j“(u) , 4 eoyo Such Tlar A(x\r)gﬁ“‘(u)_
tonc 3‘\(\)) s wpen o X by Tle local desch pTiom of The Tcr?olojv T(4)

Ceasez. Q&0 TLen g'(0) = QJCU) Viwh Ve show 8"(\)\ < X is open USieg Tle locs)

descipTON of TWA. |1 X ejl(k)). 1¢ xei(‘(u\, as in Tle previovs case, 300 such

Tvor A ) S 34 (L) /\SSOV\AQ Thos X=sw. Smee LeU and U 2 s open,

2 €50 Soda TheT (L-£Q+€) =D S L‘jj%w:!z:(liﬁi(x\, D Tus €50,

I\ >R =D \Qm&k e
Ta oThee words, |\ YR = §@= £od) € (2-€, R+€)C L
Sinee also 3(*03 e R-g 2te), Tlwis wweans Thal ACw, )

4%~ Soch Tlhet

s 3“ (V)

j:f\ oy Case 3/’ (_\)\ 'S e, How co 3 'S GOV VW OvS,
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