
Math 300 Practice Midterm Spring 2024

Name: .

Student number: .

Instructions

‚ Turn off all the electronic devices.

‚ This is a closed book exam.

‚ You are allowed a notesheet. You can use any fact in the notesheet, but you must reference which
fact you are using.

‚ Unless otherwise stated, you must justify your answers.

‚ If you have a question, raise your hand and I will come to you.

‚ You have 50 minutes to complete the exam.

‚ Good luck!

Question: 1 2 3 4 Total

Points: 10 10 10 10 40

Score:
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1. (10 points) Let X be a topological space and A, B subsets of X. Determine which statements below
are true, and which are false. (If your answer is True, you must prove it; if your answer is False,
you must provide a counter example.)

(a) pA Y Bq
˝

“ A˝
Y B˝

(b) A X B “ A X B.
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False . Let X = R with standard topology

Let A = 10, 1] and B= (1 .2)

Then A = (ar)
, B = (1

.
2)

,
So AvB = (0

,
1) ~ (1 .2)

OnThe other hand
, ArB = 10

,
2)

, so

(AuB)' = (0 ,
2)

.

Thus Ar + (AuB)
:

False
. Let X

,
A and B as before.

Then A = [0 , 1] and B = [1 , 2]
Hence AnB = bat

On the other hand
,

AnB = 0
,

so

#B = 0 .

Thos FrBnB .
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2. (10 points) Let pX,dXq and pY,dYq be metric spaces. And consider the set Z “ X ˆ Y. Define a
function dZ : Z ˆ Z Ñ R by

dZ

`
px,yq, px 1,y 1

q
˘

“ dXpx, x 1
q ` dYpy,y 1

q.

(a) Prove that dZ is a metric on Z.
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1) Symmetric :

d((x ,2) ,
(x,y)) = dx(x ,

x)) + dy(y ,
y)) = dx(x)x) + dy(y) , 3) =dz(( -y) , (x,y)

2) Non-degeneracy :

dz(k ,2)
, (x , y)) = dx(x ,

x) +dy(y,y20 with equality ifand only if

both dx(x) = 0 and dy ly , 3l=o ,
which happens ifand only if

X= x' and y = y' , or in other words (x
, 2) = (i , 7).

3) A-inequality :

& z((x,y); (x" , y")) = dx(x ,
x") + dy(y ,

yu)

= dx(, x) +dx(x)xx) + dy(y , y) + dy(yyy")-

= dz(k ,y)
,
(x

, y)) + dz((xi,y)
,
(

,y")
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(b) Let T be the topology on Z induced by the metric dZ, and T 1 be the product topology on
Z “ X ˆ Y. Show that T “ T 1.
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Recall : ↑ has basis Ba = <B(y) , r) / (y)eZ
,
ro ?

↑
'

has basis Barod = [UXVeXxY/Urpen in X
, Vopening)

& T' = +] It's enough to show thatThe basis Brod for T

satisfies
prod
T

. Fix UxV eBprod . Let ( ,3) eUx

fix Eso such That B ,
e) e0 and Bly

,
El EV

, Thus BexBy(y,)Y

Claim : By (k,y) ,
a) G By(xd) + By(y, a)

Indeed
, if dky) , Kisk) E

,
Then dx(x) = dz (k ,3) , (x ,4) = e

and also dy (4, 4) = dz((x, 7) , (x , y)=

Thus (xiy') @ Bx(x2) + Bly
,
8) . This provesThe claim.

Then
, for each (x71 = UXV There exists B(y,r) Ea with

(x,y) = Bz(k) ,
r) UxV

. By The local description
of T = TlBal

,
we have UxV eT.

IT [T
·

Let WeT and (xz)eW
.

Then EdTo such ThaT

Bz(ly ,
el = W.

Claim : Bx (x) +By(y) Bz(kn ,
e) W

Indeed
, if d(x , x) = E and dy ly, 21 E ,

Then

&z((x, y) , (y) = a(x , x) + dy(x ,
y) = z + E = E

So kiy) e Bally) , 9) ,
which DrovesThe claim.

As before , using the local description of
T

= ↑(Bproa) . This says
That We T, as desired

.
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3. (10 points) Let X be a topological space. Let x P X and let A be a subset of X.

(a) Prove that x P A if and only if every open set U containing x intersects A

(b) We say x is a cluster point of A if, for every open set U containing x, we have A X pUztxuq ‰ H.
The set of all cluster points of A is denoted by A 1.
Prove that A “ A Y A 1.
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Recall A= 1 C
C closed

ACC

E] Assume XCA .
Let V open containing +, and assume for a contradiction

*UnA = % . Then C = X-U is closed and contains A (because Anu =b)
Since xA = 1 Ci we have in particular- C

*

= XIU
, whichC closed

ACC

contradicts xeU. Therefore Una + 0 .

[E] Assume xeX is suchThat every open O containing + satisfies
UnA X

Let C closed with AcC . Then U = XIC is open
,

and since ASC , we

have UnA = 0 .

Therefore U cannot contain X
,
which means xed.

Hence xeA

[] Let xeE .

WTS either XeA or xeA! If xeA we are done
,
so

assume X & A and let's prove xeA! Let U open containing X.

By part (a) , Since xeA
,
we have UnA#D

,
but since XA

, This

implies (U-(x))nA + %.

E] Need to Show A&A and AcA . We have ACA by

definition of A = 1 C
. So

,
ki's show A

C closed

ACC

# xeA' and U is open with xet
,

we have (U - (x)) ~ A +0 .

Hence also UnA # 0 · By Parila) we have Xen
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4. (10 points) Let ! R R and define X “ R Y t!u. For each x P X and r ° 0, define

Apx, rq “

#
ty P R | |y ´ x| † ru, if x P R
ty P R | |y| ° ru Y t!u, if x “ !.

(a) Show that A “ tApx, rq | x P X, r ° 0u is a basis for a topology on X.
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We need to verify :

1)x =
0 A
At A

2) Given An
.
AzeA and xe AnnAz

,

There exists AxeA

With xeAx An Az.

1) is clear
, because for any ex we have xA(x1)

2) Let A(xr) and Axir in A
. Let yeAkrInAkirt.

·In case y
= w

,
Since weAkr) we have x = w .

Similarly
,

x' = w.

Thus , if we let r" = maxdirt
,
Then weAlw

,
ri) A(wir)nAlwir)

: In The other case ,
we have yeR . Since Alvir) 1 (w) and Alxir)-w>

are open sets in (RTara , also is Their intersection ,

which contains y

Hence
, by definition of Tsid

. There is some "co such that

ly -r" , y +
r)c(A(r)-(w)) ~ (Aliri-dwy)

Hence Alyr) = (y-r" , y + r") = A(r)n Akir) ,

as desired.

Therefore A defines a basis for a topology on X
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(b) Provide X with the topology generated by A and let f : R Ñ R be a continuous function. Prove
that f extends to a continuous function g : X Ñ R if and only if limxÑ8 fpxq and limxÑ´8 fpxq

both exist in R and are equal.
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Recall : for a function fiR- ,
we define,

1) lim fix = le El FELo ERLO Such That if xcR Then If-lE
x++
x

2) lim R = 12 e LFELo
RLo such That if XX-R

Then If-hke

x - -
x

It) Assume Fi -R is a continuous function that can be extended

continuously X-R .

In other words
, Eg : x -M continuous

suchThat gly = F . Let 1 =g(w) eM . We prove that

lim f(x) and lim both exist and are equal To l.
x-x x - - f

Let Eco . Since (l-E ,

1 +z) #M is open and g : X +Me is continuous

with g(w) = e , There exists a neighborhood Alw ,
R) of win X such that

g(A(w , r)) < (l-2 ,
l+2)

LeT XeR wiTh xc R
.

Then XeAlwR)
,
so f(x) =g(x) eg(A(wiR))e(l

- 2
,
l+a)

,

In other words
,
if xxR Then /f(x)-1/E.

This works Faso
,
so lim &( = e
x-0

Similarly , given XaR with XX-R ,
we have x-AlwR) , so again

f(x)e(l- E ,
l+ a) as before. In other words , X-REIf(x-e E

This worksFeco ,
so lim f(x) = C .

x +
20
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(b) Provide X with the topology generated by A and let f : R Ñ R be a continuous function. Prove
that f extends to a continuous function g : X Ñ R if and only if limxÑ8 fpxq and limxÑ´8 fpxq

both exist in R and are equal.
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# Assume FiRR is continuous and lim f(x) = lim f(x) = l Et
x+ -
x

x->x

Thus FEso IRso such That if (x1 > R Then Ifl-ll =E .

Define g:x --R by ga = (f if xet

if x = w

. We prove g continuous

Let UE Ropen
.
WTS g"(U) open in X .

We consider two cases

C1
. 1kU .

Then g"(V) = f
+ (U)

.

Since is continuous
,
R(U)E is

open . Hence FxeR"(U) ,
E vo such That Blar) = F"(U) .

ButThis just

Says That Exe g"(v) , E ro Such That Areg"(r) .

Hence g"(U) is open in X by The local description
of The Topology T(H).

Case2 : 1*U . Then g"(v) = f"(U) v(w] · We show g"(v) -> X is open using the local

description of
TAI

. Let xeg(v) . If xeft(U) ,
as in The previous case

,

Enro such

That A(xr) @g" (v)· Assume Thus X = w . Since leU and UER is open,

ZEso Such That (l-E,
l +e) -U

.

Since live f(x) = l = lim f(x)
, for This Eso,

X - x
1- --

ERLo such That IxkR = If(x-e) = E

In other words, kcR = ga = f(x)e(l-E ,

l +e
.ev

Since also g(w) -ll-e,
l+ 2) , This means That

ALwiR) = g" (v)

In any case , g"(r) is open .
Hence g is continuous.


