
10.3 (Edge coloring) Lecture 21

Last week:

‚ Vertex coloring

‚ Chromatic numbers

‚ Critical graphs

‚ Chromatic numbers and trees

This week:

‚ Edge coloring
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· Factorization

· Edge coloring



10.3 (Edge coloring) Lecture 21

Definition. Let G be a graph.

‚ An edge-coloring of G is a function f : EpGq Ñ C where C is a non-empty set.

‚ Such edge-coloring is proper if fpeq ‰ fpsq whenever e, s P EpGq share a common vertex.

‚ For an integer t • 1, a t-edge-coloring of G is a proper coloring f : EpGq Ñ C such that |C| § t.

‚ The edge-chromatic number � 1
pGq is the smallest integer t such that G has a proper t-edge-coloring.

Example.
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a.k.a chromatic index.
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Quick observations:

(a) If G is an n-vertex graph, then �
1
pGq §

`
n

2

˘
.

(b) �
1
pGq “ 0 if and only if G has no edges.

(c) If H is a subgraph of G, then �
1
pHq § �

1
pGq.
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/Eto) =(2), justuse a color for each edge.

x(0) =0 = no edges

no edges => X'(0) =0

Any edge-coloring for a restricts toanedge coloring for H.e ProperProper

LetF:E(0) -> c
=4c .

. .,4) proper a loving.

f
-

(x) =(et E(0):f(e) =c) is a maching
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Proposition. Proper edge-colorings of G using t-colors correspond to partitions of EpGq into t matchings.
In particular, � 1

pGq is the smallest integer for which we can partition EpGq into t matchings.
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Roof:Let f:E(6) ->=1 ..., proper edge coloring.

LetMi =f -(ci) =betE(0) =f(e) =(i)

Then E(0) =M, 4M2H...2Mt
andeach Mi is a matching in 6:if we have e,stM,

Then fle)=f(s), hence e,s are verter-disjoint.

conversity:ifE(0) =M4.-4ME, all Mismatchings.
Define f:E(0) -> 1 ...,t by flel=iifee Mi

This is a proper coloring, because Mi are matchings.

E
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Theorem. For any graph G we have

�
1
pGq • �pGq, and �

1
pGq •

EpGq

↵ 1pGq
.
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kower bounds)

I I
->Edge-independence
(Size oflargestmatchin

4rf: (0)) LetveV(d) suchthat degv =x(s)
Then we have X(6) edges using v. Those D(s) have a common

hertex, so any proper edge coloringneeds atleast (($) colors.

/x0) =E:By previous prop, we have

E(0) =M14 Me4 ... 4 Mycos,
each Mi isa matching.

Then 1Mil =a'(6). Hence
x(0) x(0)

(E(0) =2(Mil =2d'(0) =x(ax(0). ie:co
i =1 i =1

Next, upper bounds x(0) =d(0) + =x(0) +1 E
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Definition. For a graph G “ pV ,Eq, the line graph LpGq has vertex set E and edges tes : e ‰ s P E, eXs ‰ Hu

In other words, for each edge of G we have a vertex in LpGq, and for two edges in G with a common
vertex, we have an edge in LpGq between the corresponding vertices.

Example.

Exercise. (a) Show that LpCnq » Cn for any n • 3.

(b) Show that LpPnq » Pn´1 for any n • 2.

(c) For uv P E, show that NLpGqpuvq “ tuw : w P NGpuqztvuu \ twv : w P NGpvqztuuu.

(d) For uv P E, show that deg
LpGq uv “ deg

G
u ` deg

G
v ´ 2.
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Theorem. If G is a graph with at least one edge, then �
1
pGq § 2�pGq ´ 1.
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Upper bound

RoofExercise:X'(G) =x(((6))

By ihm 10.9 (applied to ((0)) X(L(0)) =X(L(0)) +1. then

x'(0) =x()(6) =1 +D(((0)
=1 +max(degz(!

weE(0)

=1 +max (degg" +degg" - 21
WeE(0)

=1 +2X(0) - 2 =2x(6) - 1.

x(0) =x(0) =2X(0) - 1 E
Next:Range for XP is smaller
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Theorem (Vizing’s Theorem, 10.12). If G is any graph, then �pGq § �
1
pGq § �pGq ` 1.

Theorem. For any integer n • 2, we have � 1
pKnq “

#
n ´ 1, if n is even
n, if n is odd
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i.e:X'(6 + D(s)
-> D(6) +1

X(kn)=n-1
Prf:

dve*=
-foren

xithner Note:enough to showa

-
I
'IkuEn-1 for even. We would have,

for an odd n, X(kn) =XYkn+) =n+1 - 1 =n



Now we show x'(kn) =n-1 =:k for even don'tneed

Moreover, we will show -

Elkn) =M.4 M4 -.-4 Mr-1 where each
Mi is perfect
matching

Label V(kn) =[27440, ..., UK-14
For each o =i =K-1, define

Mi =4 cri? 4 [VitxYi-x:E41, ---,E!
Arichmetic
modk

Edea:Forma regular k-gon with vo,--, V-1, putin the
center ofthe 1-gon

For M; add edge (Vi To Mi. Then, add all edges

perpendicular to CVi

Example:n
=6 M =[cro) (VoteVo-1,Votzko-z!
k=5 =(cv! 4 (UV4 veY
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=6
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Then each Mi is a perfect matching, and

E(kn) =Mo4 .--2MK-1 (Kterms)

Thus by prop, X'(kn) =k=n-1

I
Next:

Examples of
X(0) =D(0)

x(0) =D(0) +1

Tool:factorization.


